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Quantum fluctuations affect the critical properties of noble gases
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Interacting argon atoms are simulated with a recently developed quantum Langevin transport treatment that
takes approximate account of the quantum fluctuations inherent in microscopic many-body descriptions based
on wave packets. The mass distribution of the atomic clusters is affected significantly near the critical tem-
perature and thus it may be important to take account of quantum fluctuations in molecular-dynamics simula-
tions of cluster formation processes.@S1050-2947~97!50205-8#

PACS number~s!: 36.40.Sx, 02.70.Ns, 82.20.Fd
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Molecular dynamics presents a powerful tool for elucid
ing the features of mesoscopic systems@1#. The present
Rapid Communication draws attention to the possible imp
tance of quantum fluctuations in such treatments. To ill
trate this issue, we focus on the cluster mass distribution
argon atoms in thermal equilibrium.

Entities interacting via van der Waals forces, such as
oms of noble gases, form clusters exhibiting enhancemen
magic mass numbers associated with especially com
geometric configurations@2#. Several studies based on m
lecular dynamics have been devoted to the exploration of
mass spectrum of argon clusters in various scenarios~see, for
example,@3–7#!. However, the detailed formation process
the clusters, and their observed relative abundance, is no
fully understood and may well depend on the specific exp
mental conditions. Because of this delicacy, we exam
here the possible role of quantum fluctuations. Such fluc
tions are in principle present in the classical description
cause it is based on the assumption that the many-body w
function can be regarded as a product of single-particle w
packets, which are not energy eigenstates.

Specifically, our discussion invokes a recently develop
treatment in which this inherent effect is emulated by a qu
tal Langevin force augmenting the usual classical molecu
dynamics equations of motion@8,9#. That treatment was de
veloped in the context of nuclear fragmentation proces
and we first briefly describe its adaptation to atomic syste
Subsequently we use the model to calculate the cluster m
spectrum for thermal ensembles of argon atoms and dis
how the results compare with the usual classical simulat

The interaction between two atomsi and j is described by
the usual Lennard-Jones potential,

Vi j54eF S s

r i j
D 122S s

r i j
D 6G , ~1!

where the valuess53.405 Å ande5119.8 K are appropri-
ate for argon atoms and they provide convenient scales
distance and energy, respectively.~For numerical conve-
nience, the potential is truncated atr i j56s, which has no
effect on the results.! The minimum in the potential occurs a
an interatomic separation ofr 0521/6s'1.1225s. Further-
more, the strength of the interaction is characterized by
551050-2947/97/55~5!/3315~4!/$10.00
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parametere, which equals the magnitude of the potential
its minimum, V052e, and provides a convenient energ
unit.

The simulation of a classical fluid in thermal equilibriu
can be accomplished by augmenting the molecular-dynam
equations of motion by a stochastic term representing
coupling to a thermal reservoir,

ṙ5
1

m
p, ~2!

ṗ5f2nM2
•p1AnTM•z. ~3!

Here f i52( j“Vi j is the force exerted on the atomi by all
the other atomsjÞ i via the employed Lennard-Jones pote
tial ~1!. Furthermore, the Langevin forcez emulating the
coupling to the reservoir is a standard white noise with
correlation function

^zi~ t !zj~ t8!&52d i j Id~ t2t8!, ~4!

where I is the 333 unit matrix. The raten determines the
strength of the coupling and should be chosen to be su
ciently small that its value does not affect the results. Fina
the matrixM has the elementsMi j5(d i j21/N)I , and so the
Langevin force does not affect the overall momentu
P5( ipi .

When the equations of motion are propagated by a sim
leap-frog method, the increment in the atomic momenta
be calculated aspi→pi1Dpi with

Dpi5f iDt2nDtpi1AnDtTxi

1
1

NS nDt(
j
pj2AnDtT(

j
xj D , ~5!

wherexi are random vectors whose components have a
mal distribution,^xi&50 and ^xixj&52d i j I .

In the quantal treatment, each individual atom is d
scribed by a Gaussian wave packet with a spatial varia
equal toDr 25\/2mv, wherem is the atomic mass and th
frequencyv is determined from the relationv25V09/m. The
corresponding ‘‘level spacing’’ is
R3315 © 1997 The American Physical Society
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mc2D
1/2

'0.2265e. ~6!

The inclusion of the quantum Langevin force effective
modifies the drift term for the intrinsic cluster motion by
factor given by@9,10#

a5
T

D
~12e2D/T!,1. ~7!

In terms of this reduction factora, the quantal Langevin
equation can be written as follows:

ṗ5f2nM2
•@a~p2mV!1mV#1AnTM•z, ~8!

whereV is the velocity of the cluster to which the ato
belongs. The only complication arises from the requirem
that the center-of-mass motion of each individual cluster
tain a classical character. Thus, in order to determineV, it is
necessary to perform a cluster analysis of theN-body system
at each time step. This task can be easily accomplished
considering two atoms as belonging to the same cluste
~and only if! their separation is less than a certain critic
value, taken to be equal to 2s. When the drift term is modi-
fied correspondingly, the expression~5! for the momentum
increment is being replaced by

Dpi5f iDt2nDt@a~pi2mVn!1mVn#1AnDtTxi

1
1

NS nDt(
j
pj2AnDtT(

j
xj D , ~9!

whereVn is the velocity of the clustern containingi .
The occurrence of the quantum Langevin force is a c

sequence of the fact that the wave packets are not en
eigenstates. That same feature causes another complic
namely the need for taking account of the thermal distort
of the intrinsic structure of each wave packet~the relative
weight of each energy component of the wave packet is t
perature dependent!. This feature can be taken into accou
by subjecting the dynamical state of the system to a coo
process before making the observation@9,10#. In the present
case, this amounts to integrating the equation

]pi
]t

52
2Dp2

\
~pi2mVn!,

]r i
]t

5
2Dr 2

\
f i ~10!

from t50 to t5\/2T, thereby distorting the current dy
namical values„r (t),p(t)… into „r 8(t),p8(t)…. As a result of
this cooling process, the atoms change their positions an
the cluster structure may be modified. While this is a sign
cant effect in the case of nuclear fragmentation@10#, the
effect is unimportant for atomic systems, since the width
the wave packetDr is quite small~less than 5% ofs in the
case of argon!.

In order to illustrate the effect of the energy fluctuatio
caused by the use of wave packets, we show in Fig. 1
cluster mass distributions obtained for a system of ar
atoms held at a specified temperatureT. These calculations
consider 100 atoms confined within a cubic box and s
jected to periodic boundary conditions. The temperatu
considered range from well above to below critical. At hi
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temperatures the cluster mass distribution falls off rapid
whereas there is a preference for condensation into la
clusters at low temperatures. When the classical Lange
equation~3! is employed, the critical temperature associa
with this gas-liquid phase transition is approximate
Tcl'0.6e, as can be seen from the figure. The inclusion
the quantum Langevin force, Eq.~8!, produces a steepe
slope in the mass distribution at high temperatures and
phase transition occurs at a lower temperature,Tqu'0.5e, as
might then be expected.

The change of the critical temperature can be underst
quantitatively by noting that it is possible to extract an effe
tive classical temperature from the quantal Langevin eq
tion ~8!. The effective temperature can be estimated
means of the Einstein relation as the square of the diffus
coefficient divided by the drift coefficient,

Teff5
nT

an
5
T

a
5D/~12e2D/T!.T. ~11!

This estimate ignores the correction terms arising from
cluster center-of-mass motion, as is justified when we
interested in the cluster mass distribution, because this
servable depends mainly on the intrinsic degrees of freed
of the cluster. In addition, the cluster mass distribution is
affected much by the cooling process, as already mentio

FIG. 1. The mass distribution of argon clusters calculated eit
with ~solid circle! or without ~open triangle! the quantum Langevin
force emulating the quantum fluctuations inherent in wave-pac
dynamics. The temperatures are indicated in units ofe and the
atomic density isr50.025s23.
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Thus, it is expected that a calculation with the classi
Langevin model at the effective temperature,Teff , will yield
results that are similar to those obtained with the qua
Langevin model at the real temperature,T.

This expectation is indeed borne out, as shown in Fig
where we compare the cluster mass distribution obtai
with the quantal model atT50.5e to the result of the clas
sical treatment carried out at the corresponding effec
temperatureTeff50.62e. The quantitative similarity betwee
the two distributions is remarkable and supports the ab
discussion.

The temperature shift depends on the system under
sideration and the specific observables extracted. For
ample, the temperature shift is in the opposite direction
particles in a harmonic-oscillator potential@9,11# and for
nuclear fragmentation@10#. This is because the cooling pro
cess affects the observables as well as the modification o
drift term for these systems. In order to illustrate this featu
we consider here the evolution of the distorted moment
@i.e., the solution to Eq.~10!#, which is given by

pi8~ t ![pi S t,t5
\

2TD5e2D/2Tpi~ t !. ~12!

Thus, in the rest frame of the cluster, the distorted mome
of the constituent atoms are governed by a modified Lan
vin equation,

ṗ 85e2D/2Tf2anM2
•p81e2D/2TAnTM•z. ~13!

Since this equation of motion has a classical form@cf. Eq.
~3!#, we can again invoke the Einstein relation and extract
effective temperature for the intrinsic cluster motion,

Teff8 5
e2D/TnT

an
5D/~eD/T21!,T. ~14!

It has been shown that calculations with classical molec
dynamics at this equivalent temperatureTeff8 yield results that

FIG. 2. The cluster mass distribution obtained with either
quantal Langevin model atT50.5e ~solid circles! or the classical
Langevin model at the corresponding effective temperat
Teff50.62e ~open triangles!, at the densityr50.025s23.
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are very similar to the exact quantal results for the real te
peratureT, for noninteracting particles in a harmonic pote
tial @9,11–13#. It is to be expected that this feature holds
well for the distribution of intrinsic excitation energies o
atomic clusters. Therefore, it would be interesting to meas
the atomic cluster mass distribution simultaneously with
intrinsic excitation energy distribution, since the associa
temperature shifts are predicted to be of opposite sign~and
thus they could not be mocked up by a simple readjustm
of the classical temperature!.

The present treatment takes account of the fact that
intrinsic atomic motion in a cluster and its center-of-ma
motion are of different character. While the latter can
considered as classical, the quantal features of the for
may be significant and lead to modifications of the Einst
relation, as we have discussed in the framework of wa
packet dynamics. This important point was already noted
Ikeshoji et al. @7# in their recent study of magic-cluster for
mation, and it might thus be interesting to apply the pres
treatment to the cluster formation process in an expand
and cooling noble gas.

In the present paper we have adapted a recently develo
quantal Langevin treatment to a system of argon atoms
thermal equilibrium. The method was developed in the c
text of nuclear dynamics and takes approximate accoun
the energy fluctuations that are necessarily present w
wave packets are used to describe the system. The pres
of these quantum fluctuations changes the character of
specific heat from classical to quantal, and their inclusion
the developed method leads to a significant improvemen
the statistical properties in a number of simple test cases
can be subjected to exact analysis@9,11# as well as for finite
nuclei @8,9#. When incorporated into microscopic dynamic
simulations of nuclear collisions, it leads to a significant im
provement of the calculated fragment mass distribution@10#.
For atomic systems, the effect of quantum fluctuations
generally expected to be small, due to the relatively la
mass of the ‘‘particles.’’ Nevertheless, as we have sho
above, the inherent quantum fluctuations may also pla
role in atomic physics. Certainly, as our study brings out
appears that the critical properties of noble gases are affe
significantly. The quantum fluctuations may therefore a
affect the formation process and might affect the outcome
dynamical simulations aimed at understanding the obser
mass distributions.
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